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Abstract 

We give a pliysical derivation of generalized Kahler geometry. Starting from a supersymmet- 
ric nonlinear sigma model, we rederive and explain the results of Gualtieri ^0] regarding the 
equivalence between generalized Kahler geometry and the bi-hermitean geometry of Gates- 
Hull- Rocek Pj. When cast in the language of supersymmetric sigma models, this relation 
maps precisely to that between the Lagrangian and the Hamiltonian formalisms. 
We also discuss topological twist in this context. 



1 Introduction 



The intimate relation between supersymmetry and complex geometry has long been known. 
It is, e.g., more than twenty-five years since the target-space geometry of supersymmetric 
nonlinear sigma models was first classified [201; and for two dimensional models, where 
the background geometry may include an antisymmetric S— field, the classification dates 
over twenty years back jHj. It is thus quite remarkable that the appropriate mathematical 
setting for describing some of the target space geometries has only arisen in a very recent 
development JT], ^Uj. To be more precise, in [2| it is shown that a 2d supersymmetric 
nonlinear sigma model formulated in = (1, 1) superspace have a second (non-manifest) 
supersymmetry when the target-space has a certain bi-hermitean geometry. We refer to this 
as Gates- Hull- Rocek geometry (GHRG). Apart from the metric and i?-field, the geometry 
also supports two complex structures and the metric is hermitean with respect to both. In 
[TU] it is now shown that these geometric objects and their transformations have a unified 
description as Generalized Kahler Geometry (GKG). This is a geometry where the funda- 
mental geometric objects live on the sum of the tangent and the cotangent spaces. It is a 
subset of Generalized Complex Geometry (GCG). 

The map between the bi-hermitean geometry of [HI and GKG is somewhat complicated 
and also independent of the sigma model realization. This begs the question of whether 
there is a generalized sigma model which directly realizes GKG, i.e., where an additional 
supersymmetry exists iff the target space has GKG. Such a realization would also shed light 
on the question of when the second supersymmetry closes off-shell, a question left open in 

i- 

Such generalized sigma model, with fields transforming also in the cotangent space, was 
constructed in [H] and studied from the GKG point of view in [T3], For certain models 

with less supersymmetry a direct relation to GCG was found. Due to the large number of 
possible first order Lagrangians and the complexity of the problem, the general case was not 
completely sorted out. 

At the same time, there was an open question regarding the manifest A^ = (2, 2) formu- 
lation of the sigma models. The question here is if the known A^ = (2,2) superfields, the 
chiral, twisted chiral and semi-chiral fields, are sufficient when formulating the most general 
A^ = (2, 2) sigma model. Using information gained from the A^ = (1, 1) analysis, the answer 
to this question was recently shown to be yes: Any GKG may be coordinatized by (anti- 
)chiral, twisted (anti-)chiral and semi (anti-)chiral^ superfields and further has a potential 
K in terms of which both the metric and the S-field may be described 
^This TV = (2, 2) representation was introduced in jjj. 
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In view of the above, a fairly complete picture of the target space of = (2,2) super- 
symmetric sigma models has emerged: The target space geometry is GKG. This geometry 
can always be coordinatized by the three kinds of = (2, 2) superfields mentioned, and the 
= (2, 2) sigma model action is the potential K (which actually has the geometric meaning 
of a generating function for symplectomorphisms) . In terms of = (1, 1) sca/ar fields, the 
second supersymmetry algebra may or may not close off-shell depending on whether the com- 
mutator of the two complex structures vanishes or not. The underlying geometry is always 
GKG, but the relation to the sigma model target space is not straight forward. We may add 
auxiliary sj^mor superfields to get a generalized A^ = (1, 1) sigma model and have the second 
supersymmetry close off-shell and to obtain a target space that has a possibility of being 
more directly related to GKG. The spinor fields, transforming as target space one-forms, 
may be added in a way which corresponds to a dimensional reduction of the A^ = (2,2) 
sigma model, in which case the relation to GKG is clear. There are many other possible 
ways of adding auxiliary fields for closure, however, and in the Lagrangian formalism we do 
not seem to be uniquely led to GKG. 

The remaining question is thus: Starting from a A^ = (1, 1) of the sigma model, is there 
a formulation of this model where a closing second supersymmetry uniquely leads to GKG? 

A clue to this question was given in jTH] in which the present article takes its starting 
point. There the Hamiltonian formulation of A^ = (1,1) supersymmetric sigma models is 
discussed in general terms and a relation to GCG is derived. The discussion is model- 
independent, and to find out the precise GCG, an explicit Hamiltonian is needed. A first 
application with an explicit Hamiltonian was presented in |H] , where a Poisson sigma model 
is discussed. In the present article we show that Gates-Hull-Rocek geometry and GKG are 
identical in the Hamiltonian formulation of the sigma model. 

The paper is organized as follows. In Section El we review the supersymmetric version 
of the cotangent bundle of the loop space. Section El discusses the superfield Hamiltonian 
formalism for A^ = (1, 1) sigma model. In Section |31 we review the result from ^H] regarding 
the relation between the extended supersymmetry in phase space and generalized complex 
structure. Next, in Section El we present the phase-space realization of A^ = (2, 2) sigma 
models. We show that its phase-space description is naturally related to GKG. In Sectional 
the relation between the Gates-HuU-Rocek and GK geometrical data is presented. We obtain 
complete agreement with Gualtieri's result [10]. In SectionOwe discuss the topological twist 
in the Hamiltonian context. Finally, in Section |H1 we summarize our results and list some 
open problems. 
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2 = 1 supersymmetry in phase space 



There is a large class of two-dimensional models that have the same phase space as the sigma 
model. This phase space is the cotangent bundle of the loop space. In this Section we review 
the supersymmetric version of this construction. More details can be found in 



For a world-sheet S = 5"^ x M the phase space may be identified with a cotangent bundle 
T*LM of the loop space LM = {X : S'^ M}. Using local coordinates X^(o-) and their 
conjugate momenta p^ic) the usual symplectic form on T*LM is given by 

oj = j da SX^'ASp^, (2.1) 

where 6 is the de Rham differential on T*LM. The symplectic form ()2.H) can be twisted by 
a closed three form H G Q^{M), dH = as follows 



ijj = 
s 



j da (SX" A % + H^^pdX^dX'' A 6XP) , (2.2) 



where d = d„ is derivative with respect to a. For the symplectic structure (j2.2|) the trans- 
formations 

^ X^, p^^p^ + b^^dX" (2.3) 

are symplectic if 6 is a closed two form, h G ^^(M), dh = 0. 

Next we construct the supersymmetric version of T*LM. Let S^'^ be a "supercircle" with 
coordinates {a, 6). The corresponding superloop space is defined by CM = {(j) : S^'^ M}. 
The phase space is given by the cotangent bundle of CM with reversed parity on the fibers, 
denoted IIT*CM. In local coordinates we have a scalar superfield 0^(o", 9) and a conjugate 
spinorial superfield S'^(cr, 9) with the expansion^ 

0^(a, 9) = X^{a) + ^A'^(a), S^{a, 9) = p,{a) + z%(a), (2.4) 

where A and p are fermions. The symplectic structure on IIT*CM is taken to be 

: j dad9 {6S^ A Sep" - H^^pDcj)" 5(tf A 54>p) , (2.5) 



such that the bosonic part of (j2.5j) coincides with (j2.2j) . The technical details of the definition 
of the corresponding Poisson brackets are collected in Appendix B. We denote the Poisson 
bracket by { , } when H = and by { , }h when H 0. The symplectic structure ()2.5p 
makes C°°{IIT*CM) into a superPoisson algebra with the obvious Z2 grading. 

^We choose our conventions in such way that we can match it with the supersymmetric sigma model. Of 
course there are other possible conventions. 
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In superspace we have two natural operations, D and Q. The derivative D is defined as 

D = ^ + zed (2.6) 

and the operator Q as 

Q = -^-ied. (2.7) 

D and Q satisfy the following algebra 

= id, = -id, DQ + QD = 0. (2.8) 

We begin by considering the case H = 0. On C°°{IIT*CM) we introduce the generator 



Qi(e) = - J dadO eS^Qr, (2.9) 

where e is an odd parameter. Using the symplectic structure ()2.5p we calculate the Poisson 
brackets 

{Qi(e),Qi(e)} = P(2ee), (2.10) 
where P is the generator of translations along a, 

P(a) = j dade aS^d(t)>', (2.11) 

with a an even parameter. Qi(e) generates the following transformation on the fields 

5r{e)r = {r. Qi(e)} = -leQ^ . h{e)S, = {S^, Qi(e)} = -leQS^. (2.12) 

It is natural to refer to these transformations as supersymmetry transformations. 

Next we consider the case H with Poisson bracket { , }h- There is a convenient 
technical trick to write down the expressions involving H. Namely, we can generate H by 
performing a non-canonical transformation from the situation with H = 0; 



S^-^S^-B^.Dct)'', (2.13) 



where we define the field strength H as 



Hfj,up = -{B^^^p + B^p^p_ + Bpp^t,) . (2.14) 

Indeed all final expressions will depend only on H, but not on B. Thus the supersymmetry 
generator has the form 

Qi(e) = - J dade e{Sp - Bp,Dr)Qr, (2-15) 



but its component expansion depends only on H. This generator satisfies the same algebra 
()2.10p as before with { , } replaced by { , }h and the generator of translations is given by 

P(a) = j dade a (S'^a^^' + iH^^pD(j)^'Q(j)''Qcf>P) . (2.16) 

Again we could obtain the above expression by performing the shift ()2.13|) in the generator 
()2.11|) . The supersymmetry transformations are given by the same expressions as before 

5i(e)0^ = {4>^, Qi{e)}H = -2eQ0^ 6,{e)S, = {S„ Qi(e)}/^ = -^eQS^, (2.17) 

but where the generator Q is now defined in ()2.15|) . In forthcoming discussions of the 
case H ^ we will often introduce H via the non-canonical transformation trick. This is 
merely a calculational shortcut, however, and all results can just as well be derived from first 
principles. 



3 Hamiltonian treatment of the = (1,1) sigma model 

In this Section we give the Hamiltonian formulation of a = (1,1) sigma model using a 
treatment closely related to dimensional reduction. We will derive the appropriate Hamilto- 
nian for N = (1,1) sigma model written in the Hamiltonian superfields (0, S). 

For the sake of clarity we start from the N = (1, 1) sigma model with B = 0. The action 
of this model is 

S = ^j d^ade+dQ- D+^^'D^^^'g^^i^), (3.18) 

written in A = (1, 1) superfield notation (see Appendix A). Using the conventions from the 
Appendix we introduce a new set of odd coordinates and derivatives. We define the new 
odd coordinates as 

9' = ^{9^~^e-), e' = ^{e^ + ^9-) (3.19) 

and introduce the new spinor derivatives by 

Do = -^(D+ + 2D_), D, = ^{D+-iD^). (3.20) 

Explicitly Dq and Di have the form 

Do = ^ + te'do + ^1 = Jl + '^'^^ + '^'-^i' ^3.21) 

and satisfy the algebra 

Dl = tdi, Dl = idi, {D^,Di} = 2ido. (3.22) 
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Up to boundary terms the action (j3.18|) may now be rewritten as 

^ = -lj d^^dOHe^ Do^''D^<^''g^, ^ ~l j ^^'^o(^o$'^A$"^?^.)|eo=o. (3.23) 

We want to integrate out 9^. To this end introduce the new superfields 

r = ^%o=o, S^ = g,,Do^''\eo=o (3.24) 

and define D = Di\go=Q, d = di and 6 = 6^. Thus we find 

5' = jSade (^S^d^r-'-d,rD<f>^g^,-]^S^DS,g^''-]^S„D(j>"S,g^'^V\^ , (3.25) 

where T'^^^^^ denotes the Levi-Civita connection for the metric gfj^^. From the first term we 
read off the Liouville form 6 

Q = t [ dadO S^Sc^" (3.26) 



with 6 being the de Rham differential on IIT*CM. The symplectic structure is therefore 
given hj uj = 6Q which coincides with ()2.5|1 when H = 0. From ()3.25j) we also read off the 
Hamiltonian 

n = ^jdade {idrDrgt^u + S^DS^g^" + S^D(P''Sy^r%^) . (3.27) 

We have thus derived the symplectic structure ()2.5|1 and the Hamiltonian ()3.27|1 correspond- 
ing to the = (1, 1) sigma model. 

Now we have to discuss the symmetries of the Hamiltonian theory, in particular su- 
persymmetries. The original theory (j3.18|) is manifestly invariant under the = (1, 1) 
supersymmetry transformations ()A.3|) since it is written in = (1, 1) superfields. Integrat- 
ing out and switching to Hamiltonian A^ = 1 superfields have resulted in the Hamiltonian 
()3.27j) having two kinds of supersymmetries; manifest and non-manifest ones. We find them 
by reducing the transformations ()A.3jl . Introducing 

go = ^(Q+ + ^Q-), Qi = -^(Q+-2Q_) (3.28) 

and 

6° = i=(e+-^e-), e' = ^{e+ + te~) (3.29) 



we rewrite the transformations ()A.3|) as 

S^^' = -ie°Qo'^'^ - ie^Qi"^^, (3.30) 

(where the transformation rules are applied to the particular superfield ^^). Upon reduction 
to the Hamiltonian superfields ()3.24|) the second term on the right hand side of ()3.30p gives 
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rise to the manifest supersymmetry (j2.12j) with the following identifications, Q = Qi\eo=o 
and e = e^. Furthermore the first term on the right hand side of ()3.30|) gives rise to the 
non-manifest transformations 

~6i{e)4>^ = eg^^'^S,, (3.31) 
U^)S^ = leg^^dct)" + eSxS,g'^''T\p, (3.32) 

where we have dropped the terms with dQcp^ and d^S^. These terms can be dropped since 
they are generated by the Hamiltonian and correspond to time evolution. Indeed one can 
check that the transformations ()3.31|) - ()3.32j) represents a supersymmetry. They satisfy the 
correct algebra and they leave the Hamiltonian ()3.27j) invariant. 

As mentioned in the beginning of this section, the sigma model ()3.18p does not correspond 
to the most general background. The general form is 

S = \j d^^de+de- D+$'^D_$^(^^,($) + B^.($)) , (3.33) 

and the procedure described above leads to 

S = J d'ade {i{S^ - B^,Dr)dor - n) , (3.34) 

where the first term gives rise to the Liouville form G 

e = z y" dadO {S^ - B^^D(j)'')5(p'', (3.35) 

such that symplectic structure a; = 59 is given by ()2.5|) . The second term in ()3.34|) corre- 
sponds to the Hamiltonian 



--H^^'PS.S^S, + DrD<P''SpH^J^ , (3.36) 



1 
3 

where we use ()2.14j) . The Hamiltonian is now invariant under the manifest supersymmetry 
()2.17p and under the non-manifest supersymmetry which is the same as before, ()3.31|) - ()3.32|) . 

We would like to stress that the transformations 

r ^ S,-^S,- b,,Dr (3.37) 

are canonical for the special case when 6 is a closed two form. The whole formalism is thus 
covariant under such a transformation. 
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4 Extended supersymmetry in phase space 



In this Section we review the relation between extended supersymmetry and generahzed 
complex geometry presented in |l8j. The discussion is model-independent, i.e., independent 
of the particular choice of Hamiltonian. 

First we consider the case with H = 0. In Section |21 we described the generator- algebra 
()2.10j) of manifest supersymmetry on IIT*CM. Now we would like to describe the conditions 
under which extended supersymmetry can be introduced on IIT*CM. A second supersym- 
metry should be generated by some Q2(e) such that it satisfies the following brackets 

{Qi(e), Q2(e)} = 0, {Q2(e), Q2(e)} = P(2ee). (4.38) 

By dimensional arguments there is a unique ansatz for the generator Q2(e) on IIT*CM which 
does not involve any dimensionful parameters 

Q2(e) = -lJ d^dOe {2DrS,r^ + Dcjy^DrW. + S^S.P^") . (4.39) 

We can combine D(j) and S into a single object 



A = T h (4.40) 




which can be thought of as a section of the puUback of the tangent plus cotangent bundles 
(with reversed parity), X*{Il{T © T*)). The tensors in (j4.39p may also be combined into a 
single object, 

^ - ( "/ J' ) ■ <^-^^' 

which is understood now as JT" : T © T* T (BT*. With this new notation we can rewrite 
as follows 

Q2(e) = -lJ d(yde e(A, Jk), (4.42) 

where ( , ) stands for the natural pairing defined in Appendix C. If such Q2(e) obeying ()4.38j) 
exists then we will say that there is an extended supersymmetry on TIT* CM. Indeed TIT* CM 
admits an extended supersymmetry if and only if M is a generalized complex manifold with 
J being a generalized complex structure ^Hl (for the basic definitions see Appendix C). The 
corresponding supersymmetry transformations are given by 

52{t)r = {r. Q2(e)} = itD(l)-J^, - itS,P^\ (4.43) 
52{^)S, = {S„ Q2(e)} = 2eD(5, j;) - '-tS.SpP^';^ + ^eD(D0'^ V) + 

+ieSM'rp^, - ^eD^'^D^^L,,,^. (4.44) 
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If e = eo + Oti then the generator (j4.42j) corresponds both to the supersymmetry generator 
(with parameter eo) and to the generator of U{1) R-symmetry (with parameter ei). The 
relation between an extended supersymmetry of the form ()4.43p . ()4.44|) and the interpretation 
of JT" as a generahzed complex structure was first established in [15j . 

We may similarly consider the case with H 0, where in the algebra ()4.38|) the brackets 
{ , } are replaced by { , }h and P(a) is given by ()2.16|) . In this case an extended super- 
symmetry exists on IIT*CM with { , }h if the manifold M admits a twisted generalized 
complex structure (the Courant bracket is twisted by H, see flC.3|) ). This result can be easily 
understood using the non-canonical transformation trick ()2.13|) and the property ()C.6|) of 
the Courant bracket. Alternatively we could just take the generator Q2(e) of the form ()4.42|) 
and impose the algebra (j4.38p with the Poisson bracket { , }h and the correct P(a) (j2.16|) . 

5 N=(2,2) supersymmetry in phase space 

In this Section we combine the Hamiltonians from Section |21 with the extended supersymme- 
try of Section In particular we are interested in the Hamiltonian picture of the = (2, 2) 
sigma model discussed in ^j. It means that in addition to the two supersymmetries ()2.12|) 
and (|3.31|) - (j3.32p we have to require the existence of two additional extended supersymme- 
tries, Q2 and Q2. The different brackets between the supersymmetry generators will give 
rise not only to the translation generators in a but also in time, t. Thus the Hamiltonian 
(which is the generator of time translations) should appear in that context. Indeed we will 
reproduce the full = (2, 2) algebra but in the Hamiltonian setup. 

As before we start from the case when H = 0. Using the notation of the previous Section 
we introduce two generators of the extended supersymmetry 



Since both generators satisfy the algebra ()4.38|) J'l and J'2 are generalized complex structures. 
The bracket between Q2 and Q2 should give rise to the generator of time translations, i.e. 
to the Hamiltonian ()3.27j) 



The calculations of the bracket ()5.46|) are tedious but straightforward. The final result can 
be summarized in the following relation between the two generalized complex structures 





(5.45) 



{Q2(e),Q2(e)}=7^(22ee). 



(5.46) 




(5.47) 
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where ^ is a generalized metric. From Q"^ = it follows that \J\-,J'i\ = 0. Thus the relation 
()5.46p forces M to have a generalized Kahler structure. 

Alternatively, we could approach the problem as follows: We introduce a single extended 
supersymmetry generator Q2 and require that the Hamiltonian ()3.27p is invariant under this 
supersymmetry, i.e. 

{Q2{e),n{a)} = 0. (5.48) 
The requirement (j5.48p leads to the algebraic condition 

[JuG]=0, (5.49) 

where Q is defined by the right hand side of ()5.47p . and to the differential conditions 

VJi = 0, VPi = 0, VLi = 0, (5.50) 

where V is the Levi-Civita connection and Ji,Pi,Li are tensors defined through (j4.41|) . 
Introducing J^2 = J^iQ it is straightforward to prove that J'2 is generalized complex structure 
and thus we have another extended supersymmetry Q2. Again we arrive at the conclusion 
that the invariance of the Hamiltonian under the extended supersymmetry requires the 
generalized Kahler geometry. Indeed using the Jacobi identity ()B.6|) for { , } ()5.48p follows 
from (PTinD . 

The same line of reasoning can be applied to the case when H 0. The bracket { , } is 
then replaced by { , }h and the Hamiltonian H given by ()3.3fi|l . The calculation of ()5.4(ij) 
for H ^ is the most demanding calculation in this paper and it is gratifying that it yields 
the expected result; M must carry a twisted generalized Kahler structure. 



6 Relation to the Gates-Hull-Rocek geometry 

The geometry of the general = (2,2) sigma model is described in [Hj. The additional 
supersymmetry transformations are given by 

5(e+, e-)(^^' = le^D+^^Jl^ + le-D^^^'.F^, (6.51) 

where J+ and J_ are the complex structures. Moreover the requirement that the transfor- 
mations ()6.51|) are symmetries of the action ()3.33p leads to the conditions 

Ji9J± = 9, VWJ±=0, (6.52) 

where are the connections with torsion, = F ± g^^H. This defines the bi-hermitian 
GHR geometry. 
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In the previous discussion we have provided a description of the same model in a Hamil- 
tonian formulation. Thus the question arises: what is the relation between the Hamitonian 
geometrical data (two commuting (twisted) generalized complex structures) and the bi- 
hermitian GHR geometry? Surprisingly the answer to this question is very easy to obtain. 
Namely we have to take the transformation (j6.5ip and reduce it to the Hamiltonian super- 
fields and S, ()3.24j) and then to compare the result of the reduction to the transformations 
()4.43p and ()4.44p . From this comparison we find the relation between Jx^J^ and {J±,g)- 

We first illustrate this by writing the transformation of </> that follows from ()3.24|) 



where ei = -^(^^ + ) and £2 = :^(f^ ~ ie^). The expression ()6.53p should be compared 
to ()4.43|1 . and then do the same with the transformations for S. Since the expression for this 
transformation is quite lengthy while the calculations are straightforward^, we just give the 
final result of the identifications 



This is exactly the same as in Gualtieri's thesis ^Oj, modulo an insignificant overall sign. 

Thus this Section concludes a physical derivation of (twisted) generalized Kahler ge- 
ometry and its identification with the bi-hermitian GHR geometry. As matter of fact the 
(twisted) generalized Kahler geometry is the Hamiltonian reformulation of bi-hermitian GHR 
geometry. 

Alternatively we may state this as follows: Just like in the Lagrangian formulation the 
= (1, 1) sigma model has a second supersymmetry iff the target space has GHR geometry, 
in the Hamiltonian formulation the = (1, 1) sigma model has a second supersymmetry iff 
the target space has (twisted) GK geometry. 

We stress that although it was previously known that GHRG can be mapped to GKG, 
GHRG is derived from a sigma model with only on-shell closure of the algebra (in general) 
and target tangent space fields only. Here we have discussed a model with off-shell closure 
and both target tangent space and cotangent space fields. This has allowed us to derive 
GKG, as well as the mapping to GHRG, directly from the sigma model. 

^In the case with S there will appear a term with 9o</> which we can replace by the corresponding 
Hamiltonian equations of motion. This is not surprising since the transformations H6.51|l close on-shell while 
the transformations H4.43|l - H4.44|l close off-shell. 



(6.53) 




(6.54) 
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7 Topological twist in phase space 



In this Section we use our picture of = (2, 2) sigma model to discuss topological twist and 
the corresponding topological field theories (TFT). Without much effort we will identify the 
twisted = (2,2) sigma model with the TFTs previously discussed in P and [H]. 

As pointed out in ^H] the extended supersymmetry transformations ()4.43|) . ()4.44|) can be 
twisted and there exists associated BRST transformation. The supersymmetry generators 
(|2.9p and (j4.39|) can be converted to odd generators by formally setting the odd parameter 
e to one. However these generators will still satisfy the same algebra. Thus we can define 
an odd generator 

q = Qi(l)+zQ2(l) = -j dadO {S^Q(j)'^+iD<j)-'S^r^+'-D<P^DrL,,,+ '^S^S,Pn, (7.55) 

which is nilpotent due to the algebra of supersymmetry generators Qi and Q2. The generator 
q generates the following transformations 

80^^ = {q, 0^} = -iQct)'' - r^D(l)'' + Pf^'S,, (7.56) 

sS^ = {q, S,} = -iQS^ - D{S,r^) + \s,SpP^P^ - D{D(I>-L^,) - 

+ iD0'^D</>''L,,,^, (7.57) 

such that = 0. Therefore as an alternative we can relate the generalized complex structure 
on M with an odd differential s on C°°{J1T*CM). In the same way for H ^ we can 
introduce s on C°°(nr*£M) with { , instead of { , }. The generator ()7.55p is reminiscent 
of the solution of the master equation proposed in JH]- However there are conceptual 
differences in the setup and in the definitions of the basic operations (e.g., D). 

Next we consider our A^ = (2, 2) sigma model in our Hamiltonian setup as described in 
previous sections. We consider the case with H ^ 0. Since we have two complex structures 
J7i and there are two BRST transformations we can introduce, Si and S2. For the sake of 
concreteness we choose the generalized complex structure J7i and the corresponding BRST 
transformation Si. Then due to the relation ()5.46|) we can write the action ()3.34p as follows 

S = J d^adO (^{S, - B^,Dr)dor + ^SiQ2(l)) • (7.58) 

Thus the Hamiltonian H (j3.36p is BRST exact. Due to the standard argument (e.g., see 
jTTj) the theory will be localized on the fixed points of action of BRST transformations. If 
we expand BRST transformations ()7.56|) . ()7.57|) in components and look at purely bosonic 
fixed points (i.e., A = and p = 0), we arrive at the following description of them 

khd + ^Jl) I 1=0, (7.59) 



2 



P 
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which is equivalent to say that there is a set of first class constraints 



v^p, + ^,dX^ = 0, 



(7.60) 



where (f + is the section of the subbundle L associated with the decomposition T ®T* = 
L(BL given by a (twisted) generalized complex structure J7i . The theory which is defined by 
the constraint (j7.6U|) was originally discussed in These theories were further discussed 
in in] and the standard A- and B-models fit this description. Therefore we conclude that 
the action ()7.58|) is the gauged fixed action for the theory defined by ()7.60|) . The (twisted) 
generalized complex structure J'l defines the TFT while another structure J2 = J\Q is used 
for the gauge fixing. Alternatively we may say that we use the generalized metric Q for the 
gauge fixing. The first term in the action ()7.58j) 



with G as given in (j3.35|) can be interpreted as a topological term and may be analyzed by 
the same methods as in Indeed our considerations are in complete agreement with the 
previous discussions [H] of topological twist of general = (2,2) sigma model. The 
condition ()7.59|1 can be interpreted as the phase space description of a generalized instanton 



Alternatively we can exchange the role of J\ and i.e. the BRST transformation S2 is 
defined by J2 and the gauge fixing is given by Jx (or Q\ The action is given now 



Obviously we can repeat the previous analysis and this model presents the alternative topo- 
logical twist of sigma model. As expected the topological twist of A = (2, 2) sigma model 
gives rise to two non equivalent TFTs associated with two different (twisted) generalized 
complex structures. 

8 Summary 

We have presented a physical derivation of Gualteri's result [TUI on the equivalence between 
the (twisted) generalized Kahler geometry and Gates-HuU-Rocek geometry. We explained 
this equivalence in terms of A^ = (2, 2) supersymmetric sigma models and in this language 
these two geometrical descriptions correspond to the Hamiltonian and the Lagrangian for- 
malisms, respectively. As an application of our results we have briefly discussed the topo- 
logical twist of A^ = (2, 2) sigma models in the Hamiltonian setup. The formalism allows us 




(7.61) 




(7.62) 
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to identify the corresponding TFTs. We believe that the presented Hamihonian formahsm 
has potential for further applications. Hopefully, it might shed light on some of the issues of 
mirror symmetry, in particular in the context of generalized geometry. 
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research of M.Z. is supported by by VR-grant 621-2004-3177. Partial support for this research 
is further provided by EU grant (Superstring theory) MRTN-2004-512194. 



A Appendix: N = (1,1) supersymmetry 

In this appendix we collect our notation for A'^ = (1,1) superspace. 

We use real (Majorana) two-component spinors — {ip'^, "0"). Spinor indices are raised 
and lowered with the second-rank antisymmetric symbol Ca/s, which defines the spinor inner 
product: 

CaP=-Cf,a = -C''f , C+. = i, ^a = ^%a, V'" = . (A.l) 

Throughout the paper we use (-ff, =) as worldsheet indices, and — ) as two-dimensional 
spinor indices. We also use superspace conventions where the pair of spinor coordinates of 
the two-dimensional superspace are labelled and the spinor derivatives D± and super- 
symmetry generators Q± satisfy 

Dl = id^ , = id= , {D+, D_} = , 

= iD± + 2e^d^ , (A.2) 

where = do± di. The supersymmetry transformation of a superfield $ is given by 

5^ = -i(£+g+ + £-Q_)$ 

= (e+D+ + £-£)_)$ - 2i(e+0+d^ + e^r 9=)$ . (A.3) 

The components of a scalar superfield $ are defined by projection as follows: 

^\=X , D±^\ = ipi , D+D_^\ = F , (A.4) 

where the vertical bar | denotes "the ^ = part". The N — (1,1) spinorial measure is 
conveniently written in terms of spinor derivatives: 

j (fe C = {D+D_C) . (A.5) 
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B Appendix: superPoisson algebra 



In this Appendix we collect the conventions on the supersymmetric version of Poisson brack- 
ets. 

As phase space we consider the cotangent bundle IIT*CM of the superloop space CM = 
{(p '■ S^'^ M}. The canonical symplectic structure is given by 



dad9 SS^AStp" (B.l) 



and thus the cotangent bundle IIT*CM has a reversed parity on the fibers (11 is to remind 
us of the reversed parity). The symplectic structure ()B.1|) makes C^{IIT*CM) (the space of 
smooth functionals on IIT*CM) into a superPoisson algebra. The space C°°{IIT*CM) has 
a natural Z2 grading | ■ |, with |F| = for even and |F| = 1 for odd functionals. 

For a functional ^(5*, (p) we define the left and right functional derivatives as follows 
SF = I dadO I —-58^ + -—56^' = / dad9 \ SS^-— + Sd)''-— ] . (B.2) 



Using this definition, the Poisson bracket corresponding to (IB.1|) is given by 

This bracket satisfies the appropriate graded versions of antisymmetry, of the Leibnitz rule 
and of the Jacobi identity 

{F,G} = -(-l)™{G,F}, (B.4) 
{F, GH} = {F, G}H + (-1)I^II^IG'{F, H}, (B.5) 
{C, H}} + (-l)!^!!^!!^, {H, F}} + (-l)l^ll^l{//, {F, G}} = 0. (B.6) 

Indeed there is whole family of symplectic structures on IIT*CM parametrized by a 
closed three form H 

I j dadO {5S^ A (50^ - H^^pDcP^" 5(jf A 50") , (B.7) 
with the Poisson bracket defined by 

It is straightforward to show that C°°(nT*£M) with { , is a superPoisson algebra, i.e. 
that it satisfies (iRll-flRGll. 
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C Appendix: generalized complex geometry 



Consider the vector bundle T ®T* which is the sum of the tangent and cotangent bundles 
of an d- dimensional manifold M. T ®T* has a natural pairing 

{v + i,w + r^)^ ^(z^e + ^vV) = (C.l) 

where (f + (w + 77) G T ®T* . The smooth sections of T © T* have a natural bracket 
operation called the Courant bracket and defined as follows 

[v + ^,w + ri\c = [v, w] + C^i] - C^^ - ^d{iyri - i^^), (C.2) 

where [ , ] is a Lie bracket on T. Given a closed three form H we can define a twisted 
Courant bracket 

[v + + r]]H = [v + ^,w + r]]c + iviwH. (C.3) 

The orthogonal automorphism (i.e., such which preserves ( , )) F : T © T* — > T © T* of the 
(twisted) Courant bracket 

F{\v + i,w + rf^H) = [F{v + i),F{w + r/)]^ (C.4) 

is a semidirect product of Diff{M) and fl^i^g^^^M), where the action of the closed two form 
is given by 

e\v + = v + C + ^vb (C.5) 

for b G ^dosedi-^)- '^^^ transformation ()C.5|) is called a fe-transform. If 6 is a non-closed two 
form then the following holds 

[e\v + 0,e\w + r])l = e^[v + C,w + v]c + iviwdh. (C.6) 

A maximally isotropic subbundle L of T(BT*, which is involutive with respect to the (twisted) 
Courant bracket is called a (twisted) Dirac structure. We can consider two complementary 
(twisted) Dirac structures and L_ such that T © T* = © L_ . Alternatively we can 
define L± by providing a map J -.T ®T* ^ T ®T* with the following properties 

j'i=-ij, j' = i2d, n^[n±(^; + o,n±(«; + ?7)]H = o (c.r) 

where Ii± = i(l2d ± JT") are projectors on L±. 

A (twisted) generalized complex structure is the complex version of two complementary 
(twisted) Dirac subbundles such that (T © T*) © C = L © L. We can define the generalized 
complex structure as a map J' : (T © T*) © C ^ (T © T*) © C with the following properties 

j'i=-ij, j' = ~i2d, n^[n±(^ + e),n±(«; + r/)]H = o, (c.s) 
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where II-i- = |(l2d ± ij) are the projectors on L and L correspondingly. 

We can define a generahzed metric on T © T* as a subbundle C+ of T © T* of rank d 
such that the induced metric (from the natural pairing on T®T*) on C+ is positive definite. 
Alternatively we may define the generalized metric as a map Q : T (BT* —>■ T (BT* such that 

= l2d and Q^I = TQ. Thus |(l2d + G) is a projector to C+. 

A (twisted) generalized Kahler structure is a pair i^Jx^J-}) of commuting (twisted) gen- 
eralized complex structures such that Q = —J\J2 is a positive definite generalized metric on 

r©r*. 

For further details the reader may consult Gualtieri's thesis |lUj . 
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